We apply the statefinder hierarchy plus the fractional growth parameter to explore the extended Ricci dark energy (ERDE) model, in which there are two independent coefficients α and β. By adjusting them, we plot evolution trajectories of some typical parameters, including Hubble expansion rate E, deceleration parameter q, the third and fourth order hierarchy S (1) 3 and S (1) 4 and fractional growth parameter , respectively, as well as several combinations of them. For the case of variable α and constant β, in the low-redshift region the evolution trajectories of E are in high degeneracy and that of q separate somewhat. However, the ΛCDM model is confounded with ERDE in both of these two cases. S (1) 3 and S (1) 4 , especially the former, perform much better. They can differentiate well only varieties of cases within ERDE except ΛCDM in the low-redshift region. For high-redshift region, combinations {S (1) n , } can break the degeneracy. Both of {S (1) 3 , } and {S (1) 4 , } have the ability to discriminate ERDE with α = 1 from ΛCDM, of which the degeneracy cannot be broken by all the before-mentioned parameters. For the case of variable β and constant α, S 4 , } can discriminate not only within ERDE but also ERDE from ΛCDM. Finally we find that S (1) 3 is surprisingly a better choice to discriminate within ERDE itself, and ERDE from ΛCDM as well, rather than S
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Introduction
Data from a series of astronomical observations for more than a decade have shown that the universe is undergoing an epoch of accelerated expansion [1] [2] [3] [4] . The most likely explanation for this cosmic acceleration is that the universe is currently being dominated by an exotic component, named dark energy (DE), which exerts repulsive gravity. To explain the origin and physical properties of dark energy, numerous theoretical/phenomenological models have been proposed. Among the models, the most successful one is the ΛCDM model (which mainly includes the cosmological constant Λ and cold dark matter), because it is simple but could provide a very good fit to the observational data currently available. The cosmological constant is equivalent to the vacuum energy density with w = −1. For a time-dependent equation-of-state parameter (EOS) w, there are lots of models, such as quintessence [5] , Chaplygin gas [6] , holographic dark energy [7] , and so on.
In this paper, we study the model inspired by the holographic principle of quantum gravity. The holographic principle was enlightened by quantum properties of black hole [8, 9] and later extended to string theory [10] . According to the work of Cohen et al. [11] , when ρ de is taken as the quantum zero-point energy density caused by a short distance cut-off, the total energy in a region of size L should not be more than the mass of a black hole of the same size, i.e., L 3 ρ de LM 2 p . The saturated form of this inequality, which is equivalent to the largest L allowed, leads to the energy density of the holographic dark energy,
, where c is a numerical constant introduced and M p is the reduced Planck mass with * Corresponding author † Electronic address: yufei@sau.edu.cn
For the model setting, the choice of the infrared (IR) cut-off L is very crucial. After the denial of the Hubble scale [12] and the particle horizon [9, 13] as IR cutoff for their failure to give rise to the cosmic acceleration, Li chose the future event horizon instead, getting the expected success [7] . But the adoption of the future event horizon indicates that the history of dark energy depends on the future evolution of the scale factor a(t), which violates causality [14] . Then the agegraphic dark energy model [14, 15] and the Ricci dark energy (RDE) model [16] emerged to avoid the violation of causality. The former is characterized by the age of the universe as the length measure while the latter takes the average radius of Ricci scalar curvature |R| −1/2 as the IR cutoff. Further, the RDE model was extended to a more general form, liberating coefficients of the two terms, of the energy density [17] 
where α and β are constants to be determined and the dot denotes a derivative with respect to time. For the Ricci-type holographic DE models are determined by a local concept of Ricci scalar curvature rather than a global one of future event horizon, they are naturally free of the causality problem. The model is called the extended Ricci dark energy (ERDE) model, with the special case α = 2β the RDE model. With the increasing number of DE models, diagnostics aiming to differentiate them are needed. So far several methods have appeared. They are the well-known statefinder [18, 19] , Om [20] and growth rate of perturbations [21] [22] [23] . The statefinder is a sensitive and robust geometrical diagnostic of DE, which uses both the second and third derivatives of a(t). Recently, Arabsalmani and Sahni further extended the statefinder to higher order derivatives of a(t), and called such a diagnostic "statefinder hierarchy" [24] . The statefinder diagnostic has been applied to various DE models [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] But from the aspect of completeness of a theory, we neglected another evolution tendency of ERDE, mentioned in some papers [37] [38] [39] , that α of values larger than 1 enables the ERDE model to exhibit another orientation of evolution symmetrical to that plotted in Ref. [33] . As a matter of fact [38] , α > 1 makes ERDE behave like quintessence [5] (w > −1), while α < 1 like quintom [40] (w evolves across the cosmologicalconstant boundary w = −1). We will expatiate on this theme in the later section.
In Sec. 2, the ERDE model is exhibited. In Sec. 3, we introduce the diagnostic tools of statefinder hierarchy and growth rate of perturbations. Then ERDE will be explored in Sec. 4. Finally Sec. 5 gives the conclusion.
The ERDE model
We consider a flat universe with DE and matter, namely,
where ρ de and ρ m are, respectively, energy densities of DE and matter, and ρ de takes the form of ERDE described by Eq. (1). We get
where E = H/H 0 is the dimensionless Hubble expansion rate, x = ln a and the subscript " 0 " denotes present values of physical quantities. The solution of Eq. (3) is
where
under the initial condition
The fractional density and EOS of ERDE are given by
3. Statefinder hierarchy and growth rate of matter perturbations
The statefinder hierarchy
The primary aim of the statefinder hierarchy is to single the ΛCDM model out from evolving DE ones [24] . For it has a convenient property that all members of the statefinder hierarchy can be expressed in terms of some elementary functions (like the deceleration parameter q, the EOS w or the fractional density Ω), even the Chaplygin gas, interacting dark energy and modified gravity models have already been explored in this way [41] [42] [43] .
To review briefly, we just explain the primary principle of the statefinder hierarchy. Because in Ref. [24] , the EOS of DE w in the hierarchy expressions is a constant, we here generalize w to be time-dependent and have intensive interest only in the final expressions of statefinder hierarchy members in terms of elementary functions. Later we will see, these elementary functions are the fractional density and EOS of ERDE, already derived above, Eqs. (6) and (7).
Taylor-expand the scale factor a(t) around the present epoch t 0 :
a (n) is the nth derivative of a(t) with respect to time. Familiar to us, A 2 = −q represents the deceleration parameter, while A 3 is the very original statefinder "r" [18] . A 4 was ever referred to as the snap "s" [44] , while A 5 the lerk "l" [45] . For ΛCDM (w = −1),
where Ω m = 2 3 (1 + q), which means that for ΛCDM the elementary functions are the deceleration parameter q or the fractional density parameter of matter Ω m , because w is constant.
Then the statefinder hierarchy S n can be defined as [24] :
Compare Eq. (11) with Eq. (10), one can get the essential feature of this diagnostic that all the S n parameters stays pegged at unity for ΛCDM during the entire course of cosmic expansion,
In fact, that is why S n are defined in this way, to differ from both other constant-w DE models and evolving ones.
Remember that in Ref. [18] there is a statefinder pair {r, s}, where r is S 3 and s ≡ r−1 3(q−1/2) . s also belongs to the third derivative hierarchy and serves the aim of breaking some of the degeneracy present in r. To normalize letters of the alphabet, Arabsalmani and Sahni introduced a general pair {S
and
where γ is an arbitrary constant and the superscript "(1)" is used for discriminating not only between the original hierarchy S n and S
n , but also between S
n and its derivative S (2) n . Therefore, {S (1) n , S (2) n } = {1, 0} for ΛCDM and {r, s} is just {S
3 } with γ = 3. In this paper we use only the S (1) n series as follows:
where the prime denotes the derivative with respect to x = ln a.
The growth rate of perturbations
The fractional growth parameter (z) [21, 22] can supplement the statefinders as a null diagnostic as well, defined as where f (z) = d ln δ/d ln a represents the growth rate of linearized density perturbations [23] ,
where w either is a constant, or varies slowly with time.
Combine the fractional growth parameter (z) with statefinder hierarchy to define a composite null diagnostic (CND): {S n , } [24] . For ΛCDM, γ 0.55 and = 1 [23, 46] , therefore, {S n , } = {1, 1}.
Exploring ERDE with statefinder hierarchy
At first, it is necessary to clarify the different considerations between our previous work [33] mentioned above and this one, which can help to choose proper typical values of parameters here. In the former, we used an imposed condition w 0 = −1 to reduce by one the degrees of freedom for parameters α and β, which were both born arbitrary. But in this paper, from the perspective of simulation in theory, we let w remain free so as to investigate the dependency level of the ERDE model upon α and β by adjusting them. Therefore, we explore two cases. The first is adjusting α with a constant β; the second is, whereas, adjusting β with a constant α.
For constant β, we take β = 0.5 as a typical value, approaching the observational constraints [16, 47, 48] . We fix Ω m0 = 0.27 throughout the paper. Fig. 1 exhibits the phenomenon we mentioned above, namely, "α > 1 makes ERDE behave like quintessence while α < 1 like quintom". It is obvious that α plays a key role in the evolution of ERDE. When α > 1, the EOS evolves in the range of −1 < w < 0. When α < 1, the EOS evoles from the region of w > −1 to that of w < −1, i.e., the model exhibits a quintom-like evolution behavior. In particular, the boundary α = 1 can as well make the model behave like quintessence, but the universe will ultimately enter the de Sitter phase in the far future. It is necessarily emphasized that these features undoubtedly hold for the RDE model [37] . In our previous work [33] , although β took 0.3, 0.4, 0.5 and 0.6, under the condition of the present EOS value w 0 = −1, all the values α got there were less than 1. Just because of this, no lack of universality, in this paper we explore the ERDE model comprehensively without missing any possibilities. Thus, around the boundary 1, we take α to be 0.8, 0.9, 1.0, 1.1 and 1.2. Fig. 2 shows the evolutions of the various order derivatives of the scale factor a versus redshift z, from the first to the fourth, for the ERDE model. They are E, q, S 4 , respectively, and are meanwhile compared with the ΛCDM model. It can be seen that for E(z), according to Eq. (4), in the low-redshift region (z 1) the curves of the model itself with various parameter values, even together with that of ΛCDM, are highly degenerate. Although the degeneracy is broken in the high-redshift region, however, the well-known observational data are mainly within the low-redshift region, featuring z 1. For instance, for some supernovae samples [49] the majority of redshift is in the range of z < 1 while only a few are in the range of higher redshift 1 < z < 1.4. Therefore, the current observations for E(z) have been helpless so far. If the next generation Extremely Large Telescopes with high-resolution would observe the high-redshift QSOs (2 < z < 5) [50] , the evolution of E(z) may help effectively. For q(z), according to Eq. (15), in the low-redshift region the degeneracy that exists in the E(z) case is broken to some extent, but the trends of these curves are quite close to one another, including that for ΛCDM. Better exhibitions appear in the cases of S 4 does not show the symmetrical sight, but only in the same side, although the curves separate well in the low-redshift region. In both these two plots there is a common feature that when α = 1, getting S The other is curves of α = 1 for ERDE superposing that of ΛCDM. In face of them, a single diagnostic of geometry fails to achieve. Instead, we combine it with the fractional growth parameter, namely CND, trying to find a better way.
Interestingly, when using CND, {S
3 , } and {S (1) 4 , } of Fig. 3 , we find that the degeneracy in the high-redshift region can be broken clearly, especially {S 4 -plots, ERDE with α = 1 exhibits a short line segment while ΛCDM is just a point {1, 1}. We may see the reason at a glimpse of Fig. 4 . That is to say, in the evolution his- 4 . This indeed violates our habitual judgement that the higher the order of derivative is, the better the diagnostic performs [36, [41] [42] [43] .
For constant α, although it can be either larger or smaller than 1, which leads to reverse orientations of evolution, we only take α = 0.9 as a typical value in this exploration, according to the best-fit values for α from some of the recent constraints [47, 48, 51] . To obtain feasible evolutions, we take 0.35, 0.4, 0.45, 0.5 and 0.55 for β. Likewise, we explore four parameters E, q, S Fig. 5 first, as well compared with the ΛCDM model. We can see the ERDE model is insensitive to parameter β. For the first and second order hierarchy E(z) and q(z), high degeneracy appears, even together with ΛCDM. In the third and fourth order cases, the ERDE model itself with various parameter values highly degenerates, but the ΛCDM model can be discriminated perfectly from ERDE in the low-redshift region. Then let us see the CND of Fig. 6 . The S of β = 0.5 in Fig. 3 . In both plots the evolution trajectories separate quite well, but the combination of {S (1) 3 , } is slightly better than {S (1) 4 , } because of the more legible separation inbetween curves in the high-redshift region. In the same way we show in Table II 4 -plots in Fig. 6 , we find for the ERDE model {S (1) 3 , } is a more effective parameter pair of diagnostic than {S (1) 4 , }, which is already concluded in the above-mentioned case of β = 0.5.
Conclusion
In this paper, we explore the extended Ricci dark energy model with statefinder hierarchy supplemented by the growth rate of perturbations. Since in ERDE there are two independent variables α and β, we just adjust them respectively, leaving other parameters fixed, for the sake of investigating the effects of α and β on this model. First, a feature of the holographic Ricci-type dark energy models is corroborated again, namely, α > 1 makes them behave like quintessence while α < 1 like quintom. Following, for the ERDE model with β = 0.5, letting α vary around 1, we conclude that the evolutions of Hubble expansion rate E are in high degeneracy in the low-redshift region of z 1; but because the observational data come mainly from the low-redshift region z 1, the broken degeneracy in the high-redshift makes no sense. The evolutions of deceleration parameter q do degenerate no more in the low-redshift region of z 1. However, for both E and q plots, the evolution of ΛCDM cannot be singled out from inbetween with great ease. The situations of S 4 , which contain the third and fourth derivatives of scale factor respectively, turn out to be better. S 4 is capable of alleviating the degeneracy existing in other statefinder parameters for ERDE. There are also two unsolved problems that high degeneracy still exists in the highredshift region, and with α = 1 are degenerate with ΛCDM. As for them, the combination of statefinder hierarchy S n and fractional growth parameter (CND) can help. In both S 4 -plots, the degeneracy in the high-redshift region is pretty broken and ERDE with α = 1 exhibits a short line segment, but ΛCDM exhibits just a point {1, 1}. Nevertheless, the fact that S 4 with respect to redshift z are in high degeneracy within the ERDE model. And the degeneracy of ERDE with ΛCDM still exists for E(z) and q(z), but it is perfectly broken in the low-redshift region for both S (1) 40 = 0.173. And ΛCDM can also be discriminated from ERDE by CND. As a consequence of all the stuff studied above, we find that although the higher-order statefinder hierarchy, even plus the growth rate of perturbations, can differentiate the ERDE model itself with various parameter values and also from the ΛCDM model, there is a interesting discovery that the third order hierarchy of statefinder is really a better choice than the fourth order hierarchy for the ERDE model.
